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Abstract: Travel-time models are developed for automated storage/retrieval (AS/R) machines. The S/R
machine travels simultaneously horizontally and vertically as it moves along a storage aisle. For randomized
storage conditions expected travel times are determined for both single and dual command cycles. Altema-
tive input/output (I/O) locations are considered. Additionally, various dwell-point strategies for the

storage/retrieval machine are examined.

w Automated storage/retrievai (AS/R) systems are of
strong current interest due to such benefits as lower
building and land cost, labor savings, reduced inventory
levels, and an improved throughput level, among others
{19]. in this paper, analytical expressions are derived for
travel times for the storage machine in an AS/RS. A variety
of storage rack shapes, [/O locations, and dweil-point strate-
gies are examined, Both single and dual command systems
are included. The principal assumptions for the analysis are:
a continuous approximation to the discrete rack face, ran-
domized storage assignment, and Tchebychev travel for the
5/R. (Note that this is dmultaneous horizontal and vertical
travel in contrast to rectilinear or sequential travel, as
performed by a lift truck.) '

The travel-time expressions developed extend the results
of Graves, Hausman, and Schwarz (GHS) for randomized
storage in their seminal papers on the subject {6,9, 15].
GHS considered a variety of storage methods (random,
dedicated, and class-based); they assumed that the 1/O
point is located at the corner of the rack and that the rack
is square in time. Alternative 1/O locations and rack con-
ﬁg‘urﬁ_t,_ions are considered here.
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The travel-time expressions presented can be used to
establish throughput standards on existing systems. The
results are zlso quite useful in estimating throughput pertor-
mance for first cut evaluations of AS/RS design configura-
tions.

LITERATURE SURVEY

Much of the previous work on AS/R systems is based on
simulation [1, 2, 12, 14, and 15]. Bafna 1] developed a
design package where the optimum configuration is deter-
mined by using simulation in conjunction with a search
procedure. A similar approach is presented by Koenig {12},
where the search for the optimum configuration is limited
to certain values of the design variables specified by the
user. Other simulation studies have addressed the through-
put performance of AS/R systems under different operat-
ing and/or storage policies assuming that the design (con-
figuration) of the system is known {2, 14,and 15}.

A design package based on analytical techniques was
developed by Bozer and White [4]. Based on Zollinger’s
[18] cost model, the mathematical properties of the cost
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functions were defined corresponding to various elements
in the system. Subsequently, the minimum-ost design was
determined by performing a Fibonacci search over the
aumber of aigles in the system.

Karasawa, Nakayama, and Dohi [11] developed a cost
mode! of an AS/RS. They considered only single command
cycles. Their total cost function included terms for storage
racks, S/R machines, building, and land. The resulting non-

‘linear programming problem was solved by using Lagrangian

multipliers and then choosing the best neighborhood
integer solution.

A study comparing randomized storage with tumn-over
based. i.e.. dedicated storage, is presented by Hausman,
Schwarz, and Graves in [9]. The basis of comparison is the
expected S/R machine travel time. The rack is assumed to
be square in time and no interleaving, t.e., dual command
cycles are allowed. Using a continuous approximation to
represent the rack, the expected one-way travel time under
random storage asignment is found to be 2/3 time units
for a square rack with unit travel time in the horizontal and

- vertical directions. Representing the ABC curve as a con-

tinuous’ turnover. function, they show the percentage
improvement gained in expected S/R machine travel by
using full tumover-based storage instead of randomized

_storage. Likewise, they show the percentage improvement

gained by using class-based storage for two<lass and three-
class storage assignments. Lastly, based on empirical results,
they determine that under randomized storage the continu-
ous approximation’ generates satisfactory results relative to
the - discrete rack However, for turnover-based storage
assignments; the - -continuous approximation is shown to
underesnmate the actua] travel time as the skewness of the
ABC curve IS lncreased

Another paper. presented by Graves, Hausman, and
Schwarz [6] is ‘an’ extension to their study presented in
{9]. The rack i is mumed to be square in time, with the [/O
point located at one’ comer of the rack. In [6] Graves,
Hausman; and Schwarz present analytical and empirical
results: for -various  combinations of alternative storage
assignment mlgg__and__. _s:;he_duhng ‘policies. Each alternative
is compared on the basis of expected S/R machine travel
time. Their results indicate that, under the assumptions
outlined in their study, a reduction in expected S/R
machine travel time can be obtained by using tumover-based
storage instead of randomized storage. The largest reduc-
tion is generated by using full turnover-based storage, which
is followed by thre'e-c!as' and two-class turnover-based
storage assignments.

Hodgson and Lowe [10] studxed a layout problem
involving the placement of items in a storage rack serviced
by an 3/R machine. Their analysis was restricted to the case

. of dedicated storage and single command cycles.

Previous studies have addressed the case of rectilinear or
sequential travel of storage/retrieval machines. Mayer [13]
appears to have performed one of the earliest studies of
travel times for rectilinear travel; he studied manual order
picking, the use of order picker trucks, and the use of lift
trucks for both single and dual command cycles, .

Handh g lnsmutc [nc (MH

'expectcd round-tnp travel ume for dual command cycles,

It appears that Gudehus [7] independently obtained
travel time results similar to ours for racks that are not
square in time. His approach appears to be similar to that
of Graves, Hausman, and Schwarz.

EXISTING METHODS

As noted previously, analytical approaches have been
developed for deterinining the expected travel time for an
AS/RS. Graves, Hausman, and Schwarz in [6] and [9]
assumed the rack to be square in time. That is. the dimen.
sions of the rack and the vertical and horizontal speeds
of the S/R machine are such that the time to reach the
row most distant from the 1/O point equals the time to
reach the most distant column, given that the 1O point
is located at the lower left-hand comer of the rack.

Empirical experience indicates that the optimum design
for AS/R systems frequently is not square in time. Further-
more, many systems that have been installed are not'square
in time. For this reason it is desirable to determine the
expected travel time for a rack that is not necessarily square
in time.

An alternate method of estimating the expected travel
time is given by the AS/RS Product Sectxon of The Matenal

it is assurned that a storage is performed at the center of the
rack and a retrieval is performed at a point located three-
fourths of the distance (horizontally and vertically) from
the 1/O point. The MHI travel-time model may not provide
an accurate representation of the travel of the S/R machine.
An empirical evaluation of the MHI model will be presented
later.

To fucilitate the determination of the travel time for an
S/R machine, the following notation is introduced:

N is the total number of openings in the rack.

for is the one-way travel time between the I/O point
and the ith opemng (lo, = f;o),

ti; is the one-way travel time between the jth opening
and the jth opening (r; = ;) .

E(SC) is the expected single-command round-trip travel time.

E(D_C) is the expected dual-command travel time.

The expected single-<command travel time can be computed
from the following expression:
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The expected dual command travel time is given by

N(Azf 1) E Z Loty ttel - @

i=1l faivl

E(DO) =

-'A STATISTICAL APPROACH

Closed form expressmns and the methodoiogy used to
-~ develop’the’ travel times are now presented. The following
_assumptions are made: .

0 The r;ick .is conéi&efed to be a continuous rectangular
. pick face where the 1!0 point is located at the fower
: Ieft-hand comer..

!"The SIR machme operates either on a single or dual
- command bass, i.e:, multzple stops in the aisle are not
: al]owed o : :

3 :The rack length and helght as well as the §/R machine
- speed in the honzontal and vemcal directions, are known.

i

. 'The SIR machme travels nmultaneously in the horizon-

tal and vertical directions. In calculating the travel time,
constant veiocmes are used for horizontal and vertical
travel S

. Randormzed stnrage is used That is, any point within
the pick face rs equaily llkely to be selected for storage
or retneva} L

o P:ck-up anci depout (PID} tlmu zssocnted with load
handling are ignored. The P/D time is generally indepen-
dent of the rack shape and the travel velocity of the §/R
machine. Furthermore, given the load characteristics,
the P/D time is usually deterministic. Hence, it is a
straightforward matter to include the P/D nme atter the
average tmrel time has been computed

As stated ea.rher, the pu:k face isa contmudus rectangle
with known dimensions that can vary from one application
to another. To standardize the pick face, use the definitions:

$h is the speed of the S/R machine in the horizontal direc-
tion.

8y is the speed of the S/R machine in the vertical direction.

L is the length of the rack.

H is the height of the rack.

Now let #y represent the horizontal travel time required to
go to the farthest column trom the /O station. Likewise.
let t, denote the vertical travel time required to go to the
farthest row (level). Then by definition ¢, = L/s, and

=Hfs,. Let T=Max{r,. t,} and b =Min {r,/T, 1,/T}.
which implies that 0< 5 < 1. In subsequent discussions. &
is referred to as the “shape factor.” Note that if the rack
dimensions and travel velocities are such that 1, = ¢, then
b =1 and the rack is said to be square in time. Without
loss of generality, assume that T = f,: that is. & = ¢,/T.

We will consider first the singlecommand travel time.
Let the storage (or retrieval) point be represented by(x,»)
in time, where 0K x <1and 0 < y < b.. Travel from (0.0)
o (x, ¥), say ifzh. will be 0= MEx(x; v). Now let G(z)
denote the probability that travel time to (x, v} is less than
or equal to z. Assuming the x, ¥ coordinates are indepen-
dently generated,

G(2) = Pe(ty, K2) = Pr(x K 2)Pr(y < 2)

Furthermore, for randomized storage the coordinate
locations are assumed to be uniformly distributed. Thus.

Px<n=z

and

Hence

. :}::.- {:2/b for0<z<»?
z forb<zs1.

Therefore the. probability density function..__é(_zf)f; will be
o 2z/b for0OKz Kb
&)= {
# i forb<z=<1.

Letting £(5C) dencte the expected travel time under single
command for the normalized rack, the following is obtained

- 1
| 1
E(5C)=2 f rg@)dz= — b2 +1. (3)
B : EL] 3
(Note: for b= 1, £(SC) = 4/3, as obtained by GHS.)

Next, consider the dual command cycle. By definition.
each dual command cycle involves two random locations;
one representing the storage point, the other representing
the retrieval point. To analyze the expected travel time
between the two points, recall that any point is repre-
sented as (x, ) intimeand 0 S x € 1 andO< y < b. Let
tz be the time required to travel between the storage and
retrieval locations. Also, let
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F2)=P(tg S2)=P(Ix; -3 | R 2Pl -p, 1<2), -

where (x,, y,) and (x3, y;) are the two random points.
First consider y1 ~p3 | K2). Recall, if y 3,

. y('-,;, are the order statistics of a sample yy,.., ¥, .
from a population with probability distribution function
fy) and cumuiative distribution function F(y), the differ-
ence Yn) - ¥(1) is called the sample range R. Letting H(r) =
Pr(R < r), in {8] it is shown that

-

HO=n [ f)F+ 1 - Fol " ab.

-~

(4)
Differentiating F(r) yields the probability density function

W) =ntn-1) [ (Fv 45y FOI" 2000 + v . (5)

[T R

Recall that 0=y, Kband0<y, < b Hence

/b 0< y< b, 0 y<o
fvy= . forF(y}={y/b 0<y<b.
0 otherwise 1 y>b

It should be noted that Ay) and F{y) are derived based on
the assumption that under randornized storage, ¥, and y,
are uniformly distributed in the interval (0, b). Since 0 <
R < b, then0<v < b-r Letting n= 2, from Equation (5)

By 2
h(r)=2f Ty +r)dv = == (b-1) . (6)
. u=g
Letting
Fo@)=Pi(ly, -y, I<2),

then

Fy@)=PHO<R <z)= E-::_f (b - rr.
. 0

Therefore
2/b-22 /b fr 0xz<b,
Fy(2)= { 0]
1 forb<z <1
Next consider the term Pr{ix, - x, | < z), ‘where
0<x Slfori=1,2 Let Fo(z) = Pr( | x, -x | <2).
Letting b = 1 in Equation {7)
Fe()=22-2 for 0z < 1. (8)

Recall that F{(z) = Pr(ty < z) where tg represents the travel
between time. Based on Equations (7) and (8), F(z) can be
written as F(z) = F,(z2)F, (z) or,

forO0=z<b
forb<z 1,

R {(2: -2¥)(2z/b - 2 /b%)
F2)=
i (22 - zz)

Therefore, the probability density function is

. [(2-22X22/b- 22 /b2 )+ (22-2%)(2/b - 22/b?) ifO2<b,
2-22 ifb<z<1,

Letting E(TB) denote the expected travel time between the
two randomly selected points, the following result is

9)

(Note: for b=1,E(TB)=7/15, as obtained by GHS).

Lzt E(DC) denote the expected travel time for a complete
dual command cycle with a normalized rack. Then, by
definition, £(DC) = E(SC) + E(TB). Hence

lpetp

10
2 30 (o

4
E(DC')=?+

Using Equations (3} and (10), the expected single-command
and dual-command travel times can be calculated for a
normalized rack.

Example: Suppose that rack dimensions and the $/R
machine speed is such that [ = 348 ft, 4 = 88 ft,s, =356
fpm, and 5, = 100 fpm. Using the approach developed
earlier, we have r, = L/s;, = 348/356 = 0.9775 min and
t, = Hfs, = 88/100 = 0.8800 min. Therefore, T = 0.9775
and & = 0.90. Hence, the normalized rack is 0.900 time
units long in the vertical direction and 1.0 time units long
in the horizontal direction. Using Equations (3) and (10),
we obtain E(SC) = 1.27 time units and, £(DC) = 1.7140
time units. To obtain the results corresponding to the origi-
nal rack, we denormalize the above travel times to obtain
E(SC) = E(SC)T = 1.2414 min and E(YC) = E(DO)T =
1.6754 min.

COMPARISON WITH OTHER METHODS

The continuous model is now empirically evaluated for
accuracy. More specifically, the results obtained from the
model are compared with those obtained from a discrete
rack. The expected travel time for the discrete rack is ob-
tained from a computer code using Equations (1) and (2)
for calculating £(SC) and £E(DC), respectively. The analysis
also includes those cycle times obtained from the MHI
modei.
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Tabla 1: Comparison of singla command travel times,
Altarnative 1
No. of isvals 10 9 8 7 6 5 4 3
No. of columns 40 45 g0 57 67 &a 100 133
NOP 400 40% 400 399 402 400 400 3gg
Shape factor 1.0060 0.8000 0.8400 0.4812° 0.3582 0.2500 0.1600 0.0902
Discrete rack 05330 0.5457 0.5880 0.6156 0.6985 0.8165 1.0084 1.3335
Cont, modai 0.5333 0.5460 0.5633 0.8158 0.5987 08167 1.0085 1.2338
{% deviation! 0.0625 0.0543 0.0489 0.0380 0.0285 0.0204 0.0132 0.0075
MHt modael 0.4000 0.4800 0.5000 0.5800 0.6800 0.8000 1.0000 1.3400
{% deviation) 25.000 15.700 11.870 5.780 2850 2.020 0.830 0.490
Alternativa 2

No. of ievels 5 4 3 2

_ No. of coiumns 20 25 33 50
NOP 100 100 99 100
Shape factor 1.0000 \ / |[os400 \ . / 0.3636 \ / 4.1600 \ /
Discrete rack 0.2660 Y 0.2836 X 0.3441 x 0.5040 X

. Cont, model 0.2667 0.2841 0.3445 0.5043
(% deviation) 0.2506 0.1881 0.1174 0.0529
MHI modet 0.2400 0.2600 0.3400 0.5000
(% deviation) 9.7700 8.3200 1.1900 0.7900

Two alternative configurations were developed for the
purpose of the above evaluation. The first configuration
has a rack length of 40 columns and a rack height of 10
levels, which yields 400 openings. The second configuration,
representing a smaller system, has 20 columns and 5 levels,
with 100 openings. For both alternatives, it is assumed that
the width and the height of each rack opening is 4 ft and
that the S/R machine travels at 400 fpm and 100 fpm in
the horizontal and vertical directions respectively. Subse-
quently, the number of levels and columns in each rack is
varied to: obtain different shape factors while keeping the
number of ‘openings (NOP) approximately equal,

The results obtained for the single command cycle are
presented in Table 1. It can be observed that the continu-
ous model" displays a satisfactory performance with the
largest - percentage deviation being 0.2506%. It is also
obsetved that the- performance of the continuous model
improves as the rack becomes nonsquare. The same obser-
vation can be made for the cycle times obtained from the
MH]I model. in fact, the MHI model results improve signifi-
cantly as the shape factor goes. to zero. This can be attri-
buted to the fact that, as the discrete rack becomes non-
square, the total number of openings associated with a
specific travel time approaches one. Hence, the expected
single command travel time approaches that value ob.
tained by using the midpoint of the rack as the storage
{or retrieval) point. Note that the MHI model significantly
underestimates the travel time, especially for those con-
figurations with large shape factors. The maximum devia-
tion observed is 25%, almost 100 times the maximum devia-
tion abserved under the continuous model! )

The results obtained for the dual command cycle are
presented in Table 2. As before, the continuous model
performsin a satisfactory manner with the largest percentage
deviation being 0.2069%. Based on the resuits given in
Table 2, the continuous model appears to perform best
when b = 0.35. This phenomena can be explained as follows:
first, recall that E{DC) = E{SC) + E{TB). Based on Table | .
E(SC) is consistently overestimated. Using £(DC) given in
Table 2 and E£(SC) given in Table 1. one can obtain the
values for £(T8). In doing so, one will observe that £(TE)
is overestimated for & = | and underestimated for » = 0.
Hence, at certain b values the overestimation in E(SC) will
be offset by the underestimation in E(TB). yielding an
accurate £(DC) value.

Similar observations can be made for the resuits obtained
from the MHI model in Table 2. However, the best b value

of the MHI model appears to be b = 0.64. The difference is
due to the fact that the MHI approach involves a different
method for computing E(T8). It should be noted that the
maximum percentage deviation observed for the MHI
model is 16.62%, almost 80 times the maximum deviation
observed under the continuous model.

Lastly, based on Tables 1 and 2, it can be observed that
the performance of the continuous model improves as the
number of openings are increased. Such a result is intuitive
since the continuous model ignores the discreteness of the
rack; the impact of doing.so réduces as one increases the
number of openings associated with a given shape factor.

From Equations (3 and 10), it can be’shown that 2
square-in-time rack minimizes travel time. To do so for a
single command. cycle, minimize 7(b*/3 + 1) subject (o
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Table 2:'Comparison of dual command travel timas,
Alternative 1
. .
No. of lavels 10 9 8 7 ] 5 4 3
No. of columns 40 45 50 57 87 80 100 133
NOP 400 405 400 399 402 400 400 399
Shape factor 1.0000 0.8000 0.58400 0.4912 0.3582 0.2500 0.1600 0.0902
Discrets rack 0.7196 0.7360 (.76844 0.8264 0.9363 1.0914 1.3464 1.7795%
Cant. model 0.7200 0.7383 0.7647 08285 0.9353 10912 1.3460 1.7787
{% daviation) 00511 0.0430 0.0325 00177 0.0000 0.0162 0.0318 (0.0449
MHi model 0.6000 0.6800 0.7600 0.8600 1.0200 1.2000 1.8000 2.0000
{% deviation) 16.620 7.5100 0.5800 40700 9.0800 - 9.3500 11 410 12.390
Alrarnative 2

No. of levais 5 4 3 2

No. of columns 20 5 33 50

NOP 100 100 99 100

Shape foctor | 1,000 \ / loew0 \ / 03636 \ / | oo | \/
Discreterack | 03503 Y [oams Y 0.4613 X 0.6739 Y
Cont. modal 03600 0.2823 0.46813 0.6730

{% deviation) 0.2089 0.1315 0.0000 0.1277

MHi modai 0.3200 0.3800 0.5000 0.7600

(% deviation) 10940 04700 8.3800 12,780

bT* = A, where A is the required storage area. Substituting
VA/b for T, taking the derivative of the denormalized cycle
time with respect to b, setting the result equal to zero, and
solving for b yields a value of b = 1 0. The soiution is easily
shown to be both necessary and sufficient. A similar
approach can be used for dual command cycles.

DWELL POINT STRATEGIES

The dweil point is referred to as the location of the S/R
machine when it becomes idle. The following are represen-
tative of the dwell point strategies used for locating the
$/R machine following compietion of storage and retrieval
operations: -

A Return to the input station following the completion of
a single command storage; remain at the output station
following the completion of either a single command
retrieval or a duzl command cycle.

B Remain at the storage location following the comple-
tion of 2 single command storage; remain at the output
station following the completion of either a single
command retrieval or a duat command cycie.

C Travel to a midpoint location in the rack following the
completion of any cycle.

D Travel to the input station foliowing the completion of
any cycle,

The appropriate dwell point strategy depends on the timing
of the storages and retrievals as suggested in the following
section,

ALTERNATIVE CONFIGURATIONS
FOR THE !/O POINT

In the previous discussion, it was assumed that the [/O
point is located at the lower left-hand comer of the rack
and every trip originates and terminates at the I/O point.
The assumption is now relaxed; four alternative configura-
tions are analyzed; and the corresponding expected travel
time expressions are developed,

Input and Qutput at Opposite Ends of the Aisle

For the first configuration to be considered, assume that ail
storage orders are initiated at the input station while ail

Tetrieval orders are terminated at the output station.
 Dwell point strategy A is assumed. Consequently, at the
timé the S/R machine starts a dual cycle, it will be at the

input station if the previous trip was a storage; otherwise
it will be at the output station. The expected travel time
from any corner of the rack to a randomiy selected point
or vice versa, say £(V), can be obtained by dividing £(5C)
by 2. Also, recall the expected travel time between two
randomly selected points, E(TB), is given by Equation (9).
Note that E(T8) will remain constant regardiess of the
locations of the input and output stations.
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Suppose there are N operations to be performed per
hour, where an operation is defined to be either a storage
or a retrieval. Furthermore, suppose operations are equafly
storages and retrievals, such that N/2 storages are to be per.
formed per hour. If a percent of the storages are
performed using single command cycles, then (I - a)
percent of the storages will be performed using dual com-
mand cycles. Recall, a dual command ¢ycle involves both a
storage and a retrieval. Thus, the average number of dual
command cycles to be performed per hour will be (1 -aW/2.
The average number of single command cycles per hour will
be the sum of the single command storages and retrievals,
or aV.

- Based on the statistical arguments given above, the
probability of a single command storage is a/2. Likewise,
the probability of either a single command retrieval or a
dual command is 1 - (a/2). Thus, a trip will terminate at
the input station with probability a/2. Likewise, with

- probability 1 - {a/2), the trip will terminate at the ‘output
- station,:

S input station; then the ex-
L pe time to perform a storage is equal to 2 £(¥),
" a retrieval is equal to 2E(V), and a dual trip is equal to

- 2E(V)+ E(TB) ..

e 3 :he-.sm.-macrune is at the output station: then the
s expected travel time to perform a storage is equai to 2 £( 3]
“+ K, aretrieval is equal to 2 £(¥), and a dual trip is equal to
2 E(V) + E(TB) + K, where K is the fixed travel time from
_ the output to the input station..

Def'mmg an’ operation as'a storage or a retrieval, the
_ ed: mvel time: per operatlon say E((T), can be

: 'shownt be o .

is a’ storage:

never terminate at the mput st:mon :

E(TB) + E(V), and a dual trip is equal to 3E(V) + E(TB).
Hence, the expected travel time per operation, E, (7), can
be shown to be

. e S/R machine remains at the .
"pomt"of ‘storage, awaiting the next order. If the next order
dual command ‘order, the S/R machine
retumns: to the mput stanon Othemnse it fravels duectly :
to the retrieval point. Hence, a trip will terminate at some
point within the rack with probability a/2. Likewise; wuh’ :
probability 1 - (of2) the trip will terminate at the output
station. Note that under dwelf pomt strategy B a tnp vnll o

(1 1 :
(D= (1 -a2) {2 EVKa+2) + S ETB) (1 -a) *“l"‘f
2

+ 203 ! |
{ FEN+ ETB) (12)

2

Finally, it is worthwhile to compare the two dweil point
strategies on an expected travel time basis. The second
strategy is expected to perform better, for under the
second strategy the S/R machine remains within the rack
and travels to the input station only if the next order is
a storage. Assunting a = |, from Equation (12)

El(T)=;E(V)+ :K*' 4—5(7'3)- (13)

Hence, from Equations {11 and 13), the followmg ratio. .
is obtrained. : -

1, E(V) = 2/3, and E(TB) = 7/15. Further.

Assuming b =
more, for a normalized rack, K = |[. Substituting these
values into Equation (14) gives ¢ = 0.86. Hence. for b= |
using the second dwell point strategy generates a [4%
reduction in the expected travel time for a single command
trip.

Input and Qutput at the Same End of the Aisle.
But at Different Elevations

The second configuration to be considered is assumed to
have the input station at the lower left-hand corner of the
rack while the output station is located d time units above
the input station, where d < b. Furthermore. it is assumed
that the vertical travel yields the value of b.

Consider the sm e"command ‘cycle first. As shown in
Fig. 1. the rack can be visualized as being two separate
racks (as indicated by the dashed line). Travel from the
input station to 3 random point in the rack can be
expressed as

1, 1
E(V) p b + =

(t5)

However, on going from the random point to the cutput
station, Equation (15) is not appropriate. The output
station may be considered to be located at the corner of

" racks A and B. Due to symmetry, Equation (15) holds as

long as the station is located at one of the corners. Hence.
denoting the average return time from Section A as £4(V)
and using Equation (15) gives
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1 1.0

Fig. 1. input and cutput at the samae end of the aisie, but at diffarent
elavations.

b - 2bd + d* 1

Ea(V)=—'"—6"—'“-"+-{ . (16)
Similarly,
4% |
Ea(V)=T +'£ amn

Now, Let E,(¥) denote the expected travel time for return-
ing to the output station. Thus,

Es(N=p [EA(M) +(1 -p))ER(N] (18)

where p, is the probability that the return trip originates
from section A. Due to randomized storage, p; = area of
section A/total rack area, ie., py = (b - d)fb. Hence,
Equation (18) can be given as

1,1 1
= — + = —d(b~-d}. 19
EoN=2bitg- 7409 (19)

mand cycle. By definition,
travel time between two randomly selected points in the
rack js independent of the location of the input and output
stations. Hence, the expression developed earlier for £(T5)
is still valid.

Assume that the system operates according to dwell
point strategy A defined previously. Using an approach
similar to that one used for the first configuration, the
expected travel time per operation, E;(T), can be shown
to be

1
=2 {asm- S aE(TE) + - [E() + KTB) +Eo<rm}

+(1-af2) {% o[E(VY ~ E(TB)+Eo (V)] + -;-[E(V) + £(TB)

1
+Eo (V)] + 2—d} . (20)

It is also worthwhile to compare the resuits obtained
for the second configuration with those obtained for the
first, assuming that the same dwell point strategy is used
for both configurations. Recall, the expected travel time
per operation for the first configuration, £,(7), is given by
Equation (11). For the purposes of the comparison let
&=0.50, d = 0.50b, and b = 1. By definition, X = |. The
values of E(V), E(TB) and Eo(V) can be determined by
using Equations (15), (9), and (19) respectively. Thus,
E(V) = 0.667, E(TB) = 0.467 and £o(V) = 0.542. Using
Equation (20), we obtain E;(7) = 1.2188 min. Likewise,
using Equation (11), £,{7) = 1.4923 min.

Hence, from a travel time standpoint, the second con-
figuration performs 18 33% better than the first configura-
tion. This result was anticipated, because elevating the out-
put station will save some travel time in the vertical direc-
tion. Before selecting a configuration involving an elevated
output station, however, the costs associated with such a
design shouid be considered.

Input and Output at the Same Elevation, but at
a Midpoint in the Aisle

The third configuration alternative considered is based on
the I/O point being located at the center of the rack. Such a
configuration can be visualized as having the delivery and
takeaway conveyors running halfway into the aisle,
through a set of rack openings located at the midlevel on
either side of the aisle. It is further assumed that vertical
travel time is between 0 and b, and horizontal travel time is
between O and I. Hence, the 1/O point is assumed to be
located at (1/2, /2) for the normalized rack where 0 <
b <l

Let the expected travel time from the center of the
rack 10 a randomly selected point be denoted by E, (V).
Using an approach similar to that one used for deriving
£(SC), it can be shown that

1 1
EM(V)’EEF"‘T. 2n

Next consider dwell ‘point; sirategy A’ described earlier.
Since the input and output stations are coincident for
the third configuration, the strategy is equivalent to the
case where every trip originates and terminates at the [/O
point. Hence, the expected travel time per operation, say

ES(DI will be

Ey(T) =280 (V)] + {1 -a)[2E(V) + E(TH)} . (22)

+ It is instructive to briefly compare the results for the

second configuration with the resuits for the third config-
uration. Due to the central location of the [/O point, it is
expected that the third configuration will perform better
from a travel time standpoint. However, the magnitude of
the improvement should be determined in order to econ-
omically justify higher conveyor costs and the loss of the
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rack openings required for the conveyor. Again for compani-
son's saks assume a = 0.50, d = 0505, and b = . Thus,
E(V) = 0.667, E(TB) = 0.467, Eo(V) = 0.542, and Ep (V) =
0.333. Hence, £,(7) = 1.2188 min and from Equation (22),

Ey(T) = 0.8995 min. This implies a 26.2% reduction in
expected travel time per operation.

Input and Qutput Elevated at the End of the Aisle

The fourth configuration alternative treated considers the
situation where the I/O station has the location (04). As
before, it is assumed that the maximum horizontal and
vertical travel times are 1.0 and b, respectively.

Recall the analysis of the configuration involving input
and output stations at the end of the aisle, but at different
elevations. From the results obtained, it is straightforward
to obtain the following expressions for the expected travel
times for single command and dual command cycles:

E(SC')=—;:—b‘+l-d(b—d). (23)

E(DC’)=—:+—;-I)’- ~d(b-d) {24

36

Companng Equauons (23 and 24) with Equations (3 and
10), elevating the I/O station d time units introduces a

correction factor of d(b d) in the computanon of cycle
nmes o o :

ALTERNATIVE STORAGE METHODS

In deslgnmg an AS/RS a number of issues must be con- -

sidered, mcludmg the phys:cak configuratmn of the storage
system, the’ Iocanon of the ‘1/O station, the dwell point
strategy, and the: storage ‘method to be used. In this paper,
it was asumed that. randonuzed storage was used, since
our experlence md:cates lt is the most commonly used
storage method in industey.

As rioted in [l?] Stwo. storage locatxon methods that
in some sense représent extreme points of view are ran-
domized storage and- dedicated: storage.” In comparison to
dedicated storage, randomized storage generally requires
less' storage space since’ the maximum of the aggregate
storage requirement is generally less than the aggregare of
the maximum storage requirements for each item in storage.
In comparison to randomized storage, dedicated storage
results in reduced travel times {or greater throughput)
assuming equal storage areas,

Goetschalckx {5} has shown that the throughput rate
for a smaller randomized storage system can be greater

than the “throughput rate for a larger dedicated storage -

system. Previous comparisons of throughput rates under
deterministic conditions for randomized storage and
dedicated storage have assumed constant storage require-
ments,

The statistical approach used in this paper for deter..

mining expected travel times can be extended to include
dedicated storage, using the same square-L storage boun-
daries assumed by Graves, Hausman, and Schwarz. However,
the extension is very tedious; it is complicated by the
number of combinations of shapes that can occur for the
storage regions in a rack that is not square in time.
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